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I. I n t r o d u c t i o n  

S incec there  seems t o  b e  some confusion about  t h e  s t a t i s t i c a l  p rocesses  

i n h e r e n t  i n  s t o c h a s t i c  coo l ing  I give  d e r i v a t i o n s  of  two p r o b a b i l i t y  d e n s i t y  

d i s t r i b u t i o n s  t h a t  may se rve  t o  i l l u m i n a t e  t h e  s i t u a t i o n .  

I n  t h e  i d e a l  c a s e  t h e  s t a g i s t i c a l  f l u c t u a t i o n  sensed su rv ives  t o  t h e  

c o r r e c t i o n  s t a t i o n  e s s e n t i a l l y  i n t a c t  bu t  i s  smeared out  t o  p r e s e n t  a 

s t a t i s t i c a l l y  independent sample by t h e  t i m e  o f  t h e  next  pass through t h e  

sensing s t a t i o n .  Any phys ica l ly  r e a l i z a b l e  system must n e c e s s a r i l y  be a 

compromise of t h e s e  i d e a l  cond i t ions .  0 
I cons ider  two problems: 1) What i s  t h e  t i m e  dependent p r o b a b i l i t y  

d e n s i t y  d i s t r i b u t i o n  o f  t h e  number of  p a r t i c l e s  i n  a sample of beam, and 

2) What i s  t h e  t i m e  dependent p r o b a b i l i t y  d e n s i t y  d i s t r i b u t i o n  o f  t h e  

d i f f e r e n c e  of  t h e  number of  p a r t i c l e s  on e i t h e r  s i d e  of a sample o f  beam; 

w i t h  g iven  i n i t i a l  condi t ions?  

11. Unsp l i t  Sample 

Consider a sample of  a beam conta in ing ,  on t h e  average,  (n)2)  p a r t i c l e s .  

L e t  A be  t h e  p r o b a b i l i t y  per u n i t  t i m e  t h a t  any one pa r t i c l e  leaves t h e  

sample (due e.g.  t o  momentum spread) .  We seek t h e  p r o b a b i l i t y ,  Pm(t),  t h a t  

m p a r t i c l e s  a r e  p re sen t  a t  t i m e ,  .t, i f  t h e r e  a r e  e x a c t l y  mo 'present  a t  t i m e  

zero .  From elementary cons ide ra t ions ,  

"Random. 

')The n o t a t i o n  ( ) s i g n i f i e s  expec ta t ion  va lue .  



This  can b e  solved e x a c t l y  be  in t roduc ing  t h e  gene ra t ing  func t ion  

m C p = X P m x  
m 

m 
and mul t ip ly ing  E q .  1 by x and summing w e  ge t  

S ince  (n) ,  m 

w i l l  be very  w e l l  approximated by t h e  normal d i s t r i b u t i o n  (with mean and 

va r i ance  a func t ion  o f  t i m e )  so  it  i s  s u f f i c i e n t  f o r  our purposes to d e t e r -  

mine only t h e  mean ((m)) and va r i ance  ( (m )-(m) ) of  m. 

Mul t ip ly ing  E q .  1 by m and summing over m, 

m > .  1 t h e  C e n t r a l  L i m i t  Theorem o f  s t a t i s t i c s  says  t h a t  P 
0’ m 

2 2 

2 Mul t ip ly ing  E q .  1 by m and summing over  m, 

d t  

whose s o l u t i o n  i s  
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o r  
-2ht - 2 - 

Om * 
var  (m) = (m} - m e 

0 

The t i m e  dependent p r o b a b i l i t y  d e n s i t y  d i s t r i b u t i o n  of m i s  

111. S p l i t  Sample 

Consider a sample of beam conta in ing  N p a r t i c l e s .  I f  t h e r e  a r e  m 

and n p a r t i c l e s  ( i n i t i a l l y  m and n ) on e i t h e r  s i d e  of t h e  beam t h e  

sensed t r a n s v e r s e  beam p o s i t i o n  i s  
0 0 

L e t  0 equal  t h e  p r o b a b i l i t y  p e r  u n i t  t i m e  (due e.g.  t o  b e t a t r o n  o s c i l l a -  

t i o n s )  t h a t  a p a r t i c l e  w i l l  change s i d e s .  ThemjoQiint ?pr-obabi=Lity 

d i s t r i b u t i o n  P ( t)  s a t i s f i e s  
m,n 

- -, 

A s  i n  II,, we ca lcu l -a te  only !thel meani.ahd~mar~iance~Eo&=m~n. FiBince m and n a r e  

not  s t a t i s t i c a l l y  independent w e  have 

var(m-n) = var(m) + var (n )  - 2 cov(m,n) 

o r  

2 2  Mul t ip ly ing  Eq. 2 by n, m y  n , m , and mn and each t i m e  summing over 

m y  n, w e  g e t  
-2ut 

(m - n} = (mo - no) e Y 

and, a f t e r  a moderate amount of a lgebra  

-4vt 2, var(m-n) = N ( l  - e ) = Q ~ - ~  
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The t i m e  dependent p r o b a b i l i t y  d e n s i t y  d i s t r i b u t i o n  o f  m-n i s  

Ill. Conclus ion  

Using t h e  above, :larid the3ztsmmptiIon - t h a t  1 t h e  i r n i t i a l  (t=O) c o n d i t i o n s  

are normally d i s t r i b u t e d ,  r t h e  l i n t e z e s e e d  'Leader, ,with a l i t t l e  a r i t h m e t i c  

(or  computer t ime) ,  mcanccaEclulaEerthe 

s t o c h a s t i c  c o o l i n g  system. 

h e s u c c e s s  of a p a r t i c u l a r  
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