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BUNCH LENGTH EFFECTS IN THE BEAM-BEAM COMPENSATION
WITH AN ELECTRON LENS∗

W. Fischer† , Y. Luo, and C. Montag,
Brookhaven National Laboratory, Upton, NY, USA

Abstract

Electron lenses for the head-on beam-beam compensa-
tion are under construction at the Relativistic Heavy Ion
Collider. The bunch length is of the same order as the
β-function at the interaction point, and a proton passing
through another proton bunch experiences a substantial
phase shift which modifies the beam-beam interaction. We
review the effect of the bunch length in the single pass
beam-beam interaction, apply the same analysis to a proton
passing through a long electron lens, and study the single
pass beam-beam compensation with long bunches. We also
discuss the beam-beam compensation of the electron beam
in an electron-ion collider ring.

INTRODUCTION

In proton-proton collisions exact beam-beam compensa-
tion can be achieved with short bunches and a short electron
lens if the following three conditions are met [1]:

1. There are no nonlinearities between the 2 collisions.

2. The phase advance between the p-p and p-e collision
is a multiple ofπ in both transverse planes.

3. The proton and the electron beams produce the same
amplitude dependent forces by having the same effec-
tive charge and transverse profile.

In practice these conditions can only be met approximately.
In this article we investigate in which way long bunches af-
fect the beam-beam compensation. We study a system con-
sisting of one beam-beam interaction of a test proton with
a long proton bunch followed by a linear transport channel
of variable phase advance and a long electron lens.

Our study is motivated by the head-on beam-beam com-
pensation effort for the Brookhaven Relativistic Heavy Ion
Collider (RHIC) [1], following the use of electron lenses
in the Fermilab Tevatron [2–4]. The beam-beam effects
in RHIC are strongest for proton-proton collisions. The
rms bunch length is of the same order as theβ-function at
the interaction point (IP) (see Tab. 1), and a proton pass-
ing through another proton bunch experiences a substan-
tial phase shift which modifies the beam-beam interaction.
Fig. 1 shows this for a range ofβ∗-values. The RHIC elec-
tron lenses will operate with a DC current and have a Gaus-
sian transverse profile of constant rms sizeσe. Parameters

∗Work supported by Brookhaven Science Associates, LLC underCon-
tract No. DE-AC02-98CH10886 with the U.S. Department of Energy.
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for both the proton beam and the electron lens of a refer-
ence case are shown in Tab. 1.
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Figure 1: Phase advance near the IP (s = 0) for a range of
β∗ from 10 m to 0.35 m without beam-beam interaction.

We first review the beam-beam interaction of a test par-
ticle (proton) with a long round opposing proton bunch.
For this we will calculate the change in(r, r′) for various
cases, including a time delayδt of the test proton, where
r′ = dr/ds. The rms bunch lengthσs and lattice function
β∗ of the opposing bunch account for its length, while the
time delayδt accounts for the length of the other bunch.
We then analyze the interaction of a test proton with a long
electron lens, and finally study the beam-beam compensa-
tion for proton-proton collisions with an electron lens. To
make the analysis better tractable we will use the following
simplifications:

1. Both proton beams are transversely round at the IP, so
that the variabler can stand for either the horizontal
(x) or vertical (y) coordinate. Both beams have the
same optical functions in the region where the beam-
beam interaction takes place.

2. There are no magnetic fields other than the ones cre-
ated by the opposing beam or the electron lens. We
disregard the solenoid field in the electron lens.

3. As observation point we chose a symmetry point (IP)
whereα∗ = −β′∗/2 = 0 in both transverse planes.
In most cases we will quote(r, r′) in units of the rms
beam sizeσp(0) and the rms angular spreadσ′

p(0) at
the IP.

We will also discuss the beam-beam compensation in an
electron ring of an electron-ion collider [5].
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Table 1: Reference case for RHIC beam-beam and beam-
lens interactions with parameters from Ref. [1].

quantity unit value
proton beam parameters
total energyEp GeV 250
relativistic factorβp ... 0.999993
relativistic factorγp ... 266.4
bunch intensityNp 1011 2.0
β∗

x,y at IP6, IP8 (p-p) m 0.5
β∗

x,y at IP10 (p-e) m 10.0
lattice tunes(Qx, Qy) ... (.695,.685)
rms emittanceǫn, initial mm mrad 2.5
rms beam size at IP6, IP8σ∗

p µm 70
rms beam size at IP10σ∗

p µm 310
rms bunch lengthσs m 0.25
rms momentum spreadδp/p 10−3 0.30
hourglass factorF , initial ... 0.88
beam-beam parameterξ/IP ... 0.010
number of beam-beam IPs ... 2+1∗

electron lens parameters
distance of center from IP m 2.0
effective lengthLe m 2.1
kinetic energyEe kV 6.4
relativistic factorβe ... 0.16
relativistic factorγe ... 1.013
electron line densityne 1011m−1 0.82
electrons in lensNe1 1011 1.7
electrons encounteredNe2 1011 2.0
currentIe A 0.62

∗One head-on collision in IP6 and IP8 each, and a compensatinghead-on

collision in IP10.

SINGLE PASS PROTON INTERACTION
WITH LONG BUNCH

We consider bunches with Gaussian distributions in the
longitudinal plane, with rms lengthσs, and both transverse
planes with the same rms beam sizeσx = σy = σp. We
also assume that the bunches are long compared to the
transverse size,σs ≫ σp. We choose the longitudinal co-
ordinates = 0 at the IP, and the timet = 0 when the
opposing proton bunch center passes throughs = 0 from
right to left. The test particle shall arrive ats = 0 at time
δt, so that its time dependents-position is

s = βp1
c(t− δt) (1)

wherec is the speed of light andβp1
the relativistic factor

of the test particle. The relativistic factor of the opposing
bunch will be denoted byβp2

. We now follow Ref. [6] in
our treatment. The radial force for a test particle (proton)
in the field of the other bunch is

Fr(r) = +
npe

2(1 + βp1
βp2

)

2πǫ0r

[

1 − exp

(

− r2

2σp(s)2

)]

(2)

wherer is the radius,np is the proton line density,e the
elementary charge, andǫ0 the permittivity of vacuum. In
the factor(1 + βp1

βp2
) the first and second term are from

the electric and magnetic fields respectively. The terms are
equal if both the test proton and the protons in the opposing
bunch are ultra-relativistic. The rms beam size depends on
thes-position as

σp(s) = σp(0)

√

1 +
s2

β∗2
p

(3)

whereβ∗

p is the lattice function at the IP, and the line den-
sity np, centered ats = −βp2

ct, is given by

np(s, t) =
Np√
2πσs

exp

[

− (s+ βp2
ct)2

2σ2
s

]

. (4)

Np is the total number of protons in the opposing bunch.
The changedr′ in the radial coordinater′ is given by

mpcβp1
γp1

dr′ = Fr(r, s, t)dt (5)

wheremp is the proton mass, andγp1
is the relativistic fac-

tor of the test particle. With Eqs. (1)-(5) the time evolution
of (r, r′) is given by the system of non-autonomous ordi-
nary differential equations

dr

dt
= cr′

dr′

dt
=

2Nprpc(1 + βp1
βp2

)√
2πβp1

γp1
σs

×

× exp

[

−c
2((βp1

+ βp2
)t− βp1

δt)2

2σ2
s

]

×

× 1

r

[

1 − exp

(

− r2

2σ2
p(βp1

c(t− δt))

)]

(6)

where we introduced the classical proton radiusrp =
e2/(4πǫ0mpc

2). The functionσp(s) is given by Eq. (3).
Eqs. (6) can be integrated numerically, for example with
the program MATHEMATICA [7]. As an example, Fig. 2
shows the change of(r, r′) of a proton as it passes through
a proton bunch with parameters given in Tab. 1.

We will use the following procedure to compare cases of
interest:

1. We consider a test particle with initial coordinates
(ri(δt), r

′

i(δt)) at the IP (s = 0), where(r, r′) are
usually given in units of the rms beam sizeσp(0) and
the rms angular spreadσ′

p(0) at the IP.(σp(0), σ′

p(0))
are determined by the rms emittance and the lattice
functions ats = 0 where the lattice is undistorted by
the beam-beam lens.

2. We transform the coordinates to a locations < 0 so
that the test particle is outside the field of the opposing
bunch.

3. We integrate Eqs. (6) over timet until the test particle
is again outside the opposing bunch.

2
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Figure 2: Change of(r, r′) of a proton as a function of
time when passing through a long proton bunch at IP6 or
IP8. The initial coordinates arer = 1σp andr′ = 0. The
proton beam parameters are listed in Tab. 1, andδt = 0.

4. We transform the coordinates back to the IP, using the
lattice undisturbed by the beam-beam interaction, re-
sulting in(rf , r

′

f ). The change of coordinates is given
by (∆r,∆r′) = (rf − ri, r

′

f − r′i).

We denote the length of the vector(r, r′) by R =√
r2 + r′2. The result of this integration can then be com-

pared with the case of an infinitely short bunch (σs → 0)
andδt = 0, for which we have

∆r = 0

∆r′ = +
2Nprp(1 + βp1

βp2
)

βp1
γp1

(βp1
+ βp2

)r

[

1 − exp

(

− r2

2σ2
p(0)

)]

.

(7)

For this case both∆r and∆r′ are independent ofr′i. The
change inr′ as a function ofr is shown in Fig. 3 (a).

The numerical integration of Eqs. (6) does not guarantee
symplecticity, nor does it account for the energy change
of the test particle due to the electric field of the oppos-
ing bunch. Our primary interest here is, however, in com-
paring various situations for a proton passing an opposing
bunch or an electron lens only once. A full 6D symplectic
treatment of the beam-beam interaction has been devised in
Ref. [8] using synchro-beam mapping (SBM). In Ref. [9]
the SBM technique was used for the more general case with
coupling, through both a tilted beam ellipse of the opposing
beam and a solenoid, as well as a crossing angle.

Figure 5 (a) shows the vector(rf , r′f ) as a function of
(ri, r

′

i) for an infinitely short bunch, and parts (b) through
(d) the deviation from this case for long bunches with pa-
rameters in Tab. 1 andβ∗-values of 1.0 m, 0.5 m, and
0.35 m respectively. As a general feature long bunches re-
duce the change inr′ compared to the short bunch case, and
introduce a displacement inr. Deviations from the short
bunch case are most pronounced for test particles with an
initial position ri ≈ 1σ and a large initial angleri. For
the nominal case ofβ∗ = 0.5 m the beam-beam kick is re-
duced by up to about 1/4 (compare∆R in Fig. 5 (c) withR
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Figure 3: Change inr′ of a test proton as a function ofr
due to the beam-beam interaction from an infinitely short
bunch in part (a), and from an infinitely short electron lens
in part (b). The change inr′ does not depend onr′. The
kick from a short electron lens has the opposite sign from
the kick from a short bunch.

in part (a)). Note thatβ∗-values from 10 m to 0.7 m were
used in RHIC, andβ∗-values as low as 0.35 m are under
consideration for future upgrades.

Figure 6 shows the effect of the test particle delayδt,
for values ranging from−3σt to +3σt. For the largestδt
values and compared to the short bunch case, the beam-
beam kicks are almost reversed for initial positionri ≈ 1σ
and large initial anglesri.

SINGLE PASS PROTON INTERACTION
WITH LONG ELECTRON LENSES

Different from the opposing beam case treated above,
the electrons in a lens are not ultra-relativistic, the electron
beam in the lens has a constant transverse rms sizeσe, and
the line densityne is also constant for DC lenses like in
RHIC. To accomodate two lenses in a common beam pipe
section, the RHIC electron lenses are placed close to but not
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at the IP (see Tab. 1). With this the equivalent of Eqs. (6) is

dr

dt
= cr′

dr′

dt
= −2nerpc(1 + βp1

βe)

βp1
γp1

× 1

r

[

1 − exp

(

− r2

2σ2
e

)]

(8)

which is independent of the test particle delayδt and the
proton lattice functions (the initial conditions for the test
particle are, however, dependent on the proton lattice func-
tions). In the factor(1 + βp1

βe) the first and second term
are again from the electric and magnetic fields respectively.
Since the electrons are not highly relativistic (Tab. 1), the
electrical forces dominate. The electron line densityne is
constant over the length of the electron lens. We disregard
the effect of the solenoid field of the electron lens on the
test particle. As for the beam-beam interaction case we use
the coordinates(r, r′) transformed to the IP for reference,
both before and after the test particle interaction with the
electron lens. The integration of Eqs. (8) extends over the
length of the electron lensLe, i.e. the timeLe/(βp1c). As
an example, Fig. 4 shows the change of(r, r′) of a proton
as it passes through an electron lens with parameters given
in Tab. 1.
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Figure 4: Change of(r, r′) of a proton as a function of time
when passing through a long electron lens near IP10. The
initial coordinates arer = 1σp andr′ = 0. The electron
lens parameters are listed in Tab. 1, and the result is inde-
pendent ofδt.

The electron lens is characterized by the rms beam size
of the electron beamσe, and its integrated strengthNe1 =
(neLe), which is also the number of electrons in the lens.
The strength can also be expressed through the number of
electrons that the test particle encounters during passage
Ne2 = Ne1(1 + βe/βp1), or the electron currentIe =
eneβec. By comparing∆r′ in Eq. (7) with the solution
of Eqs. (8) in the short lens limit with(dr′/dt) = const
and∆r′ = (dr′/dt)(L/c), we find that a short bunch and
a short electron lens give the same∆r′ with opposite sign
for

Ie =

(

Np

Le

)

eβec

1 + βeβp1

1 + βp1βp2

βp1 + βp2

. (9)

In the case of ultra-relativistic protons withβp1 ≈ βp2 ≈ 1
this reduces to

Ie =

(

Np

Le

)

eβec

1 + βe

, (10)

which is equivalent toNe2 = Np.
As for the beam-beam case we compare the cases of a

long electron lens to the cases of a zero length electron
lens. The zero length case is shown in Fig. 3 (b). The
change in the angler′ only depends on the initial radius
ri. Note that even for a zero length lens, the position will
change if the lens is not at the IP, but the final coordinates
are transformed back to the IP, as we do.

Figure 7 part (a) shows the vector(rf , r
′

f ) as a function
of (ri, r

′

i) for an infinitely short lens, and parts (b) through
(d) the deviation from this case for long lenses with pa-
rameters in Tab. 1 andβ∗-values of 20 m, 10 m, and 5 m
respectively. For the electron lens the result is independent
of δt. As for the beam-beam interaction, the change inr′

is reduced with a long electron lens, and an additional dis-
placement inr is observed. In the parameter range tested,
deviations from the short lens case are not larger than a few
percent. The largest deviations are again observed for test
particles withri ≈ 1σ and a large initial angler′i.

A large β∗ at the location of the electron lens makes
alignment of the two beams easier. The plannedβ∗ at the
IP near the electron lens is given in Tab. 1, and is in the
middle of the scanned range.

SINGLE PASS HEAD-ON BEAM-BEAM
COMPENSATION

We now consider a beam-beam interaction with a long
bunch at IP8 followed by a linear transport channel and an
interaction with a long electron lens near IP10. We use the
parameters in Tab. 1 and scan four parameters: the phase
advance between IP8 and the center of the electron lens,
the electron beam size, the electron current, and the time
delayδt. The phase advance between IP8 and the center of
the electron lens is denoted by

ψ = kπ + ∆ψ (11)

wherek is an (odd) integer. The electron beam size is given
by

σe = σe0 + ∆σe with σe0 =

√

ǫnβcl

βp2γp2

. (12)

σe0 is the electron beam size that matches the proton beam
size andβcl is the lattice function of the test particle lattice
in the center of the electron lens. The electron current is
given by

Ie = Ie0 + ∆Ie with Ie0 =

(

Np

Le

)

eβec

1 + βe

. (13)

Ie0 is the current that matches the proton bunch intensity
NP of the opposing beam. Note that for a short bunch and
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electron lens, and∆ψ = 0, ∆σe = 0, ∆Ie = 0 the head-on
beam-beam compensation is exact.

Figure 8 shows in part (a) the final(rf , r
′

f ) of a proton at
IP10 after interaction with a long bunch, a linear transport
channel of varying phase advance, and a long electron lens.
All other parameters are given by Tab. 1. The initial(ri, r

′

i)
are taken at IP8. Parts (b) through (f) show the(rf , r

′

f ) for
phase advance errors∆ψ from −30 deg to+30 deg. As
expected from Fig. 5 the compensation is least effective
for test particles withri ≈ 1σ and a large initial angler′i.
For these and∆ψ = 0 about 1/4 of the beam-beam kick
remains uncompensated. A realistic phase advance error is
about 10 deg.

Figure 9 shows a scan of the electron beam sizeσe from
∆σe/σe0 = +100% to−20%, with a phase advance error
of ∆ψ = −10 deg. A large electron beam size makes the
HOBBC ineffective (compare Fig. 8 (a) with Fig. 9 (a)).
During commissioning of the electron lens, one can there-
fore start with a large electron beam that is then tight-
ened. We expect that electron and proton beam sizes can
be matched within about 20%. At this value particles with
ri ≈ 1σ and a large initial angler′i receive only about half
the compensation. We use∆σe/σe0 = +20% for the next
scans.

Figure 10 shows a scan of the electron beam currentIe
from ∆Ie/Ie0 = +50% to−50%. A small electron beam
current turns off the HOBBC (compare Fig. 8 (a) with
Fig. 10 (f)). During commissioning of the electron lens,
one can therefore start with a small electron beam current
that is then increased. We expect that electron and pro-
ton beam currents can be matched within about 5%, where
the error stems primarily from bunch-by-bunch variations
in the proton intensity. With∆Ie/Ie0 = 5%, ri ≈ 1σ and
a large initial angler′i receive only about half the compen-
sation. We use∆Ie/Ie0 = −5% for the next scan.

Finally Fig. 11 shows the HOBBC for test particles with
δt 6= 0. Parts (a), (c), and (e) show(rf , r′f ) at IP10
without HOBBC for δt = −3σt, −1σt, and +3σt re-
spectively. Parts (b), (d), and (f) show the(rf , r

′

f ) with
HOBBC with ∆ψ = −10 deg,∆σe/σe0 = +20%, and
∆Ie/Ie0 = −5%. Here too we find that the compensation
is ineffective for particles withri ≈ 1σ and a large initial
angler′i.

ELECTRON-ION COLLIDER
BEAM-BEAM COMPENSATION

The beam-beam parameter experienced by the electron
beam in an electron-ion collider is typically an order of
magnitude higher than in an ion-ion collider. Together with
the long ion bunch length, this results in the electrons per-
forming a sizeable fraction of a betatron oscillation period
within the proton bunch. This can be parameterized by the
disruption parameter [12,13]

D =
2reNpσs

γeσxσy

(14)

Table 2: Parameters of the ring-ring electron-ion collider
eRHIC [14].

quantity unit value
electron energyEe GeV 10
relativistic factorγe ... 19570
electron emittance(ǫx, ǫy) nm (53, 9.5)
proton bunch intensityNp 1011 2.0
proton bunch lengthσs m 0.2
rms beam size at IP(σx, σy) µm (101, 50.5)

wherere is the classical electron radius andγe the elec-
tron relativistic factor. The betatron phase advance across
a beam-beam interaction can then be expressed in terms of
the disruption parameter as [12]

∆ψ = 2π · 2.52
√
D. (15)

Using the parameters of the eRHIC ring-ring design
(Tab. 2), we can compute the betatron phase advance within
the long ion bunch as∆ψ = 2π · 0.6 = 216 degrees.

In the limit of infinitely short ion bunches, the phase ad-
vance between IP and electron lens was found to have to be
accurate within 2 degrees [5], which is small compared to
the betatron phase advance∆ψ inside the ion bunch.

The elliptical cross section of the beams at the IP,σx >
σy , complicates the analysis presented for a p-p collider.
On the other hand, the case withδt = 0 is sufficient due to
the short electron bunch length of only . Simulation studies
are currently being performed to investigate the feasibility
of head-on beam-beam compensation in the case of long
ion bunches. The results of this study will be presented in
a separate paper.

SUMMARY

We have investigated the bunch length effect in the head-
on beam-beam compensation. The head-on beam-beam in-
teraction with long bunches is modified compared to the
short bunch case since the betatron phase changes signif-
icantly during the beam-beam interaction. The deviation
from the short bunch case is most pronounced for particles
with initially large r′ andr ≈ 1 rms beam size. For these
particles the beam-beam effect is reduced; for the parame-
ters in this study (Tab. 1) by about 10%.

The beam-beam interaction with long bunches is further
modified for test particles that arrive with a time delay. For
the parmeter set under study, particles initially larger′ and
r ≈ 1 rms beam size the changes in(r, r′) change sign
compared to the short bunch case.

The beam-beam effect in a long electron lens is also
modified compared to a short electron lens. For the param-
eters in this study (Tab. 1) this effect is by an order of mag-
nitude smaller than in the head-on beam-beam interaction.
This is due to the fact that theβ-function at the electron
lens is as large as possible to minimize the requirements
for the alignment between the electron and proton beams.

5



Using a single beam-beam interaction per turn and a sin-
gle electron lens, and expected with the previous results,
head-on beam-beam compensation for particles with ini-
tially larger′ andr ≈ 1 rms beam size is not effective in
a single pass, in particular for particles with large time de-
lays. Compensation should still be effective when averaged
over many turns.

We used the single pass head-on compensation calcu-
lations to establish goals for the betatron phase error be-
tween the beam-beam interaction and the electron lens
(∆ψ ≤ 10 deg), the beam size error of the electron beam
(∆σe/σe0 ≤ 20%) and the current error in the electron
beam (∆Ie/Ie0 ≤ 5%). The commissioning would start
with a large electron beam of small current, and then re-
duce the size and increase the current.

A full investigation of the effects of long bunches re-
quires long-term tracking of many particles, beyond the
scope of this paper. We also note that the modification of
resonance driving terms due to the bunch length has been
investigated in Ref. [11], where a reduction in the reso-
nance driving term with longer bunches was found.
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Figure 5: Change of(r, r′) of a proton withδt = 0 through the interaction with a long proton bunch. Part (a) shows
the case of an infinitely short bunch, and parts (b) through (d) the deviation from the short bunch case (a). For the long
bunches parameters from Tab. 1 are used andβ∗ is varied from 1.0 m to 0.35 m.R and∆R are the lengths of the vectors
shown in parts (a) and (b)-(d) respectively. Take note of theR and∆R values.
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Figure 6: Effect of the particle delayδt on the change of(r, r′) of a proton passing through a long proton bunch. Parts
(a) through (e) show the deviation to the short bunch case in Fig. 5 (a) forδt from −3σt to +3σt. Take note of the∆R
values.
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Figure 7: Change of(r, r′) of a proton through the interaction with a long electron lensats = 2.0 m from the IP. Part (a)
shows the the case of an infinitely short electron lens, and parts (b) through (d) the deviation from the short electron lens
case (a). For the long electron lens parameters from Tab. 1 are used andβ∗ is varied from 20.0 m to 0.5 m.R and∆R are
the lengths of the vectors shown in part (a) and (b)-(d) respectively. Take note of theR and∆R values.
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Figure 8: (rf , r′f ) of a proton at IP10 after interaction with a long bunch, a linear transport channel of varying phase
advance, and a long electron lens. Part (a) shows(rf , r

′

f ) at IP10 as a function of the initial(ri, r′i) at IP8 without head-
on beam-beam compensation (HOBBC). Parts (b) through (f) show (rf , r

′

f ) with HOBBC and varying phase advance
between the beam-beam interaction and the center of the electron lens, given byψ = kπ+∆ψ. Proton beam and electron
lens parameters are given in Tab. 1 and∆ψ is varied between−30 deg and+30 deg. Take note of theR values,R ≡ 0
for perfect compensation.
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Figure 9: Effect of the electron beam size on(rf , r
′

f ) with HOBBC.∆σe/σe0 = 0 denotes an electron beam size matched
to the proton beam size in the center of the electron lens. Forall cases, (a) through (f),∆ψ = −10 deg. Take note of the
R values,R ≡ 0 for perfect compensation.
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Figure 10: Effect of the electron current on(rf , r
′

f ) with HOBBC. ∆Ie/Ie0 = 0 denotes an electron current matched to
the proton bunch intensityNp. For all cases, (a) through (f),∆ψ = −10 deg and∆σe/σe0 = +20%. Take note of theR
values,R ≡ 0 for perfect compensation.
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Figure 11: Effect of the particle delayδt on the HOBBC. Parts (a), (c), and (e) show(rf , r
′

f ) at IP10 without HOBBC for
δt = −3σt, −1σt, and+3σt respectively. Parts (b), (d), and (f) show the(rf , r

′

f ) with HOBBC with ∆ψ = −10 deg,
∆σe/σe0 = +20%, and∆Ie/Ie0 = −5%. Take note of theR values,R ≡ 0 for perfect compensation.
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